Luzerne County Mathematics Contest
Luzerne County Council of Teachers of Mathematics
Wilkes University — 2018 Junior Examination
(Section 1)

NAME: ADDRESS:
SCHOOL: CITY/ZIP:
TELEPHONE:

Directions: For each problem, write your answer in the space provided. Do not use approximations.
Simplify all fractions and radicals. Your answer must be complete to receive credit for a problem.

-1
1) What is the domain of the function f(x) = log ( a; ) —+vax + 17 Express 1)

20+ 1

your answer in interval notation.

2) Consider the following square. Find a formula for the length of the diagonal,
d, as a function of the area of the square, A.

2) d=
d s )
O
B
2 4
3) If x = (1 —m)° — |1, then what is (x -2— . i 2> <x2x—+3x> equal to? 3)
4) Write the complex number _:_Z, in the standard form a + b:. 4)
i
5) Find all real solutions to
5) x =
2 1
x3 —Tx3 4+10=0.
6) A circle has center (1,yp) and passes through the points (3,2) and (5,4). 6) yo —
Find yp. Yo =
7) If
% — 2, z <0
f(x)_{2x—6+ln(x), x>0" 7
how many zeros does f have?
h) — 1
8) Find and simplify Jla+ 2 /() (h #0) for f(x) = ex 8)

9) How many distinct rearrangements of the letters in the word “llamas” can be 9)

made?

10) A square has its base on the z-axis,
and one vertex on each branch of the curve 10)

y = 1/2%. What is its area? L

(OVER)



11) Evaluate sin % 11)

12) In right triangle AABC, m(AB) = 5 and AD bisects ZBAC. If m(CD) =
V/3, then what is the area of AABD?

A
12)
B D C
13) The set of complex numbers z that satisfy
|z + 3i| = 37| 13) ¢ =
is a circle in the complex plane. Find the complex number, ¢, that is its center
along with its radius, .
14) Find all solutions to
sin?z —cos?x =0 14) z =
in the interval [0, 27].
15) What is the area between the three circles (each of radius 1) shown below?
15)
16) Find all real solutions to
16) =z =
410g2(\/§ z) + 641n(x) —~3=0.
17) Find the value of a® + % if (a + 1)? = 3. 17)
18) Find all solutions to
2sin?6 4+ 3sinf —2 =0 18) 0 =

that lie in the range 0 < 6 < 2.
19) The expression

21/ 2¢/2¢/ - 19)

simplifies to what integer?

20) How many real numbers satisfy the equation

20)
(2% + 2x)12*3x+2 =17
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Directions: For each problem, write your answer in the space provided. Do not use approximations.
Simplify all fractions and radicals. Your answer must be complete to receive credit for a problem.

1) Find the formula for the inverse function of

2% — 5 ) fle)=—
2) Simplify the following expression.
1\ ! 2)
(3—m)" — <3> —|—‘2—\/§‘+2COS450
3) A square has diagonal of length 4. If a circle has the same circumference as 3) r =
the perimeter of the square, what is its radius? N
4) If 2% + kx + 16 (with k& > 0) is a perfect square, then k must be equal to
(a) 16 (b) 4 4)
(c) 8 (d) 32
5) Find all real solutions to
5) z =
Vo4 Vo —6=0.
6) Which of the following is a square root of —i?
(a) i (b) =2 +i¥2 6)
(c) ? + zg (d) —i has no square roots
. . : 3 . 4
7) What is the maximum value attained by f(x) = 5 sine — < cos x? 7)
8) If
Az, x>0
ra={ 5 L2y 8)
what is the value of (f o f)(—2)7
9) The natural number 337500 factors as
337500 = 22335, 9)
How many distinct positive divisors does 337500 have other than 1 and itself?
10) Consider the following recursively defined function on the integers.
f fn—=1)+2f(n—2), n#0orl
f(n)—{ 1, n=0or1l 10)

Compute f(6).
(OVER)



11) Find all real solutions to

In(z? — 1) —In(z 4+ 1) — In(4) = 0.

12) You are at the back of a rectangular theater with the dimensions shown
below. How far should you stand from the left wall so that the sound from the
left front speaker takes twice as long as the sound from the right front speaker
to reach you? In the figure below, x represents the distance to the left wall.

3

- ——
X

13) Find all real solutions to the following system of equations.

zy—y—2x4+2=0
y? — 92y + 202 = 0

List your answers as ordered pairs.
14) Find all real solutions to

10321’—1—3(19 — 6(1}) = 2.
15) For what base, b, is the following equation true.

(11.3), = (14.25)10
16) If = and y satisfy

x+2y—3<0
z+3y—3>0 ,
y<1

then what is the largest value of z = 2z + 7

17) An equilateral triangle is inscribed in a circle. Let
D and E be midpoints of two of its sides, and let F’
be the point where the line from D through E meets
the circle. What is the ratio DE/EF?

18) What is the maximum value of the function

f(z) = V3sin(2z) — 2sin?(z)?

19) What is the coefficient of 22 in the expression

(1-2)'(1 — V&)*?

20) Suppose you take a random walk by the following process. Starting from
position 0, you are allowed to take a single step left or right. To decide, you flip
a fair coin. If the coin flip comes up heads, then you take a step to the right.
Tails means you take a step to the left. You then repeat this process at your new

b

position. After 10 steps, what is the probability that you are back at 07

11)z=_

12)eg=_

13)

1M4)e=_

15)b=__

16)

17)

18)

19)

20)
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NAME: ADDRESS:
SCHOOL: CITY/ZIP:
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Directions: For each problem, write your answer in the space provided. Do not use approximations.
Simplify all fractions and radicals. Your answer must be complete to receive credit for a problem.

* in the standard form a + bi. 1)

2
1) Write the complex number

—1
2) If —1 is a real solution to the equation 22 — 3z — a = 0, then a is equal to

()2  (b) -2 2)
()4 (d) -4
3) Suppose 6 is an angle in Quadrant II and
1
1 6 = —. 3
sin z )
What is tan 87 Write your answer so that no radicals appear in the denominator.
4) Find the real solutions to 2z — 322 — 2 = 0. 4) z =
5) What is the ratio of the area of a circle to the area of an inscribed square? 5)
6) What rational number is the solution to
6) z =
8x+1 — 45—J:? )
h) —
7) Simplify the difference quotient flo })L @) (h # 0) for the function 7)
f(z) =22 + 2.
8) Find all real solutions to
8) z =

|2* — 2| = 3z — 6.
9) Suppose you are rolling two 6-sided dice. What is the probability of getting 9)

a sum of 67

10) What rational number does the following expression reduce to?

an (1)) )

(OVER)



213

11) Express log, QT in terms of log,(b) and log,(c). 11)
c

12) Find the next element of the following sequence.

L35 9 11 13 12)
2747 7117 167227

13) A triangle has an angle of 45° with an adjacent side of length 4 and an
opposite side of length 3.

4 13)

If the triangle has an obtuse angle, what is the length of the third side?
14) What integer does the following expression reduce to?

14)
\/ 3+2V2 - \/ 3—2V2
15) Find all real solutions to
15) z =
logy(z 4 2) + logy(x — 2) = 5.
16) If
f(z) = 2cos(z)(sin(z) + cos(z)), 16)
then what is the maximum value of f?
17) What is the area of a regular hexagon of side-length 27
2 17)
2 3 :
18) If > 0, y > 0, and — + — = 1, then the smallest value that the quantity
r oy
x
2ts
18)
can achieve is which of the following?
(a1 (b)2
(c) 4 (d) 25/6
19) If the partial sums of a sequence {a,}>°; are given by S,, = n3, then a4
must be equal to which of the following?
19)
(a) 37 (b) 27
(c) 64 (d) 91
20) Iterated exponents are defined by a® = a®). If 2 is a real number that
satisfies
92° | 42" = 56, 20)

what is the value of 22° ?
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Directions: For each problem, write your answer in the space provided. Do not use approximations.
Simplify all fractions and radicals. Your answer must be complete to receive credit for a problem.

1) If set P={z|2 <z <4} and set Q = {z| x > 3}, then PN Q is

(a) {z|3<z<4} (b){z|3<z<4} 1)
(c) {z|] 2 <x <3} (d) {z] 2 <z <3}

2) Convert the following point in polar coordinates to rectangular coordinates.

& ”

3) Find all real solutions to the following inequality. Express your answer in

interval notation. 3)
|3 —4z| <5
4) Evaluate 2i100 + 4202, 4)
5) A polynomial of the form 22 + bz + ¢ with b and c real has 1+ 1/2i as a root. 5) b= =
Find b and c. ’
6) Express the diameter of a circle, d, as a function of its area, A. 6) d=

7) If a straight line passes through the center of the circle 22 + (y — 3)? = 4 and
is perpendicular to x + y + 1 = 0, then which of the following is the equation of

the line? 7)

() z+y—2=0 b)x+y—3=0
(c)x—y+2=0 (d)z—-—y+3=0

8) Assuming z # 0, simplify the expression

(x2)41,8 8)
2 (@)

9) There are five cards, two red and three black. You draw two cards, without

9
replacement. What is the probability that both cards have the same color? )
10) Find all values of the real parameter m so that the equation

222 —mz+m=0 10)

has no real solutions. Express your answer in interval notation.

(OVER)



11) Solve the trigonometric equation
sin® 0 = cos? @

in the interval 0 < 0 < 27. List your answers in increasing order.

12) Find all real solutions to the following equation.

In(x + 2)

mE)

logs(x) +

13) Let L = max{2%5, 5% 6!} and S = min{2%%,5'% 6!4}. Find L and S.
14) What is the coefficient of 23y in the expansion of

(x +y)(z—y)®?

b
15) Find the inverse function of f(x) = %, where b > —2 and constant.
Tz —

2
16) Simplify the expression (sing + cos g) . Your answer should only involve

sin 6, cos @, and/or tan.

17) Find all real solutions to 37°+3 = 927,

18) Find all real solutions to

V6 —x =2x+ 3.

19) In an arithmetic sequence {a,}22, a4 + ag = 16. What is the partial sum
of the first 11 terms?

(a)58  (b) 88
(¢) 176 (d) 143

20) Find a formula for ¢ in terms of a and b so that the linear system

r+y+oz=a
2c+3y+132=10
T+2y+82=c

is guaranteed to have at least one solution.

11) 6 =

12) z =

13) L=__ S=___

14)

15) f )=

16)

17) z =

18) z =

19)

20) c =



